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Abstract
We investigate the behaviour of the zeros of three distinct types of 3F2 hypergeometric polynomials. Each type of
polynomial considered has degree 2n and contains a free parameter b. We describe the location of the zeros as b varies
continuously through real values. Numerical tables of the zeros, generated by Mathematica, are presented in con0rmation
of our stated results. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
The general hypergeometric function pFq with p numerator and q denominator parameters is
de0ned by
pFq(a1; a2; : : : ; ap; b1; b2; : : : ; bq; z) = 1 +
∞∑
k=1
(a1)k(a2)k · · · (ap)k zk
(b1)k(b2)k · · · (bq)k k! ; |z|¡ 1;
where ()k is Pochhammer’s symbol,
()k = (+ 1) : : : (+ k − 1) = (+ k)=():
If one of the numerator parameters is equal to a negative integer, say a1=−n, n ∈ N, then the series
terminates and is a polynomial of degree n. The natural question that arises in connection with any
polynomial is the nature and location of its zeros.
There are well-known connections between 1F1, and also 2F1, hypergeometric polynomials and
orthogonal polynomials, at least for certain values of the appropriate free parameters, and a lot of
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information Fows from these connections. In fact, the connections between 2F1(−n; b; 2b; z) and
the ultraspherical or Gegenbauer polynomials Cn (w) can be exploited to ascertain the location of
the zeros of Cn (w) for all real values of ¡ − 12 where orthogonality no longer holds (cf. [3]).
This information, in turn, generates knowledge about the location of the zeros of 2F1 hypergeometric
polynomials that admit quadratic transformations (cf. [4]) and we shall recall and use those results
here.
Several relations connecting products of hypergeometric series were proved by Orr (see [6, p. 75])
in a fairly general setting and these ideas were further developed by Bailey [2] and other authors.
We shall investigate the behaviour of the zeros of three 3F2 hypergeometric polynomials, each of
which can be expressed as a product of 2F1 polynomials. They are (cf. [2, p. 244])
3F2(−2n; 2b; b− n; 2b− 2n; b− n+ 12 ; z) = [2F1(−n; b; b− n+ 12 ; z)]2; (1.1)
3F2(−2n; 2b; b− n; 2b− 2n− 1; b− n+ 12 ; z)
= 2F1(−n; b; b− n− 12 ; z)2F1(−n; b; b− n+ 12 ; z); (1.2)
3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 12 ; z)
= 2F1(−n; b; b− n− 12 ; z)2F1(−n; b− 1; b− n− 12 ; z): (1.3)
The hypergeometric function 3F2(a; b; c; d; e; z) is generally unde0ned when d or e is equal to
a negative integer. However, when a = −2n; n ∈ N, as in the cases under consideration here, the
restrictions on d and e are less severe because (−2n)k = 0 for all k ¿ 2n. We therefore only need
to take care when d or e is equal to −m, m=0; 1; : : : ; 2n. For polynomials (1.1)–(1.3), the discrete
values of b that should be excluded are certain speci0c integer and half-integer values. The role of
these critical values of b will be clear in the statements of our results.
In Section 2 we write Eqs. (1.1)–(1.3) in a more convenient form and recall results proved in
[4] on the zero behaviour of relevant 2F1 polynomials. Section 3 contains our main results.
2. Some identities and auxiliary results
Using the identities (cf. [4])
2F1(−n; b; b− n+ 12 ; z) = A 2F1(−n; b; 12 ; 1− z)
and
2F1(−n; b; b− n− 12 ; z) = A 2F1(−n; b; 32 ; 1− z);
where A is a constant, it immediately follows that we can rewrite (1.1)–(1.3) as follows:
3F2(−2n; 2b; b− n; 2b− 2n; b− n+ 12 ; z) = [A 2F1(−n; b; 12 ; 1− z)]2; (2.1)
3F2(−2n; 2b; b− n; 2b− 2n− 1; b− n+ 12 ; z)
=A2 2F1(−n; b; 32 ; 1− z)2F1(−n; b; 12 ; 1− z); (2.2)
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3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 12 ; z)
=A2 2F1(−n; b; 32 ; 1− z)2F1(−n; b− 1; 12 ; 1− z): (2.3)
It is now clear that a knowledge of the behaviour of the zeros of 2F1(−n; b; 12 ; z) and of 2F1(−n; b; 32 ; z)
as b ranges through real values, will furnish most of the information needed to ascertain the location
of the zeros of the above 3F2 polynomials. We recall the relevant results.
2.1. Zeros of 2F1(−n; b; 12 ; z) for b real (cf. [4])
For b¿n− 12 , all n zeros of 2F1(−n; b; 12 ; z) lie in the interval (0; 1). As b decreases below n− 12 ,
one zero leaves (0; 1) at the endpoint 1 and moves into (1;∞), returning to 1 at b = n − 32 . As
b descends below n − 32 , another zero departs from (0; 1) at 1 and the two “loose” zeros perform
symmetric loops in the upper and lower half-planes, returning to 1 to meet a third zero emerging
from (0; 1) when b reaches n − 52 . As b decreases further, the three zeros again move away from
1, one into (1;∞), the other two symmetrically into the upper and lower half-planes. Of course,
since 2F1(−n; b; 12 ; z) is a polynomial with real coeOcients for b real, non-real zeros must occur in
conjugate pairs. The process of one additional zero leaving the interval (0; 1) each time b descends
through a positive half-integer, continues until b reaches 12 when the last zero of 2F1(−n; b; 12 ; z)
leaves (0; 1) at the endpoint 1. Note that 2F1(−n; 12 ; 12 ; z) = (1− z)n so that the point 1 is indeed a
zero of multiplicity n when b= 12 . All the zeros then move towards in0nity along symmetric paths
as b decreases towards 0, and one zero passes onto the negative real axis when b¡ 0. A second
zero joins the negative real axis when b decreases below −1 and this process continues until all
zeros of 2F1(−n; b; 12 ; z) are real and negative for b¡ 1− n.
2.2. Zeros of 2F1(−n; b; 32 ; z) for b real (cf. [4])
An analogous process to that described in Section 2.1 takes place as b decreases from n + 12 to
1 − n, with one notable diQerence. For b¿n + 12 , all n zeros of F(−n; b; 32 ; z) lie in the interval
(0; 1). As b decreases through the positive half-integers n+ 12 , n− 12 ; : : : ; 32 , the zeros leave (0; 1), one
at each stage, performing symmetric loops as described above, always around the endpoint 1, until
there is an n-fold zero at the point 1 when b= 32 . The zeros then move to in0nity along symmetric
paths as b decreases further and the second part of the process only begins when b falls below
zero. For b¡ 0, one zero joins the negative real axis and is joined by one additional zero moving
into (−∞; 0) each time b decreases through the negative integers −1;−2; : : : ; 1− n. For b¡ 1− n,
all zeros of 2F1(−n; b; 32 ; z) are real and negative. The only real diQerence in the process described
here compared with that in Section 2.1, is the larger “gap” of 32 instead of
1
2 in the value of b that
occurs between the zeros leaving (0; 1) and joining (−∞; 0).
3. Main results
We are now in a position to describe the behaviour of the zeros of the three 3F2 hypergeometric
polynomials (2.1)–(2.3) as b varies through real values. Note that in all cases the polynomials have
real coeOcients and therefore all nonreal zeros must occur in conjugate pairs.
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Theorem 3.1 (The zeros of 3F2(−2n; 2b; b− n; 2b− 2n; b− n+ 12 ; z) for b real). For b¿n− 12 ; all
2n zeros lie in the interval (0; 1). As b decreases below n− 12 ; one double zero will leave (0; 1) at the
origin and move onto the negative real axis. As b descends towards n− 32 ; this real negative double
zero moves back towards the origin where it collides with a second double zero leaving (0; 1) when
b reaches n− 32 . As b decreases further; these two “loose” double zeros perform symmetric loops
in the upper and lower half-planes; returning to the origin to meet a third double zero emerging
from (0; 1) as b approaches n− 52 . As b descends below n− 52 ; the three “loose” double zeros again
perform symmetric loops in the plane but one of these “loops” is just a simple journey along the
negative real axis since all zeros occur in complex conjugate pairs. The process of one additional
double zero leaving (0; 1) as b decreases through the critical values n − 12 ; n − 32 ; : : : ; continues
until all zeros have left the interval when b¡ 12 . The 2n zeros all move o6 towards in7nity along
symmetric paths as b decreases further and when b¡ 0; the 7rst event in the second part of the
process occurs. When b¡ 0; one double zero slips into the interval (1;∞) and will be joined by
another double zero each time b descends through the sequence of critical values −1;−2; : : : ; 1−n.
For b¡ 1 − n; all 2n zeros of 3F2(−2n; 2b; b − n; 2b − 2n; b − n + 12 ; z) will be real and greater
than 1.
Proof. From (2.1) it follows immediately that the 2n zeros of 3F2( 12−2n; 2b, b−n; 2b−2n; b−n+12 ; z)
are exactly the n zeros of 2F1(−n; b; 12 ; 1− z) with doubled multiplicity. Replacing z by 1− z in the
description of the behaviour of the zeros of 2F1(−n; b; 12 ; z) given in Section 2.1 above, we obtain
the stated result.
Table 1 provides numerical values of the zeros of 3F2(−2n; 2b; b− n; 122b− 2n; b− n+ 12 ; z) with
n=5 and b ranging from 4.75 to − 4:25, decreasing in steps of 0.5. As expected, for b¿ 4:5, there
are 10 real zeros in (0; 1), consisting of 0ve distinct zeros each of multiplicity two. As b decreases
through successive half-integer values j + 12 , j = 4; 3; 2; 1; 0, one more double zero leaves (0; 1) at
the origin and the “loose” double zeros perform oscillations in the plane in complex conjugate pairs.
When j− 12 ¡b¡j+ 12 ; 06j64, j distinct double zeros are in (0; 1) and if j is even there is one
real negative double zero and 5 − j − 1 complex double zeros, while if j is odd there are 5 − j
complex double zeros. When −j¡b¡− j+1, j=1; : : : ; 4, there are j real double zeros in (1;∞)
and if j is odd there are 5 − j complex double zeros while if j is even there is one real negative
double zero and 5 − j − 1 complex double zeros. All complex zeros occur in conjugate pairs. For
b¡− 4, all zeros are real and greater than 1.
Theorem 3.2 (The zeros of 3F2(−2n; 2b; b− n; 2b− 2n− 1; b− n+ 12 ; z) for b real). For b¿n+12 ;
all 2n zeros are real and simple and lie in (0; 1). As b decreases below n+ 12 ; one zero leaves the
interval (0; 1) at the origin and passes onto the negative real axis. As b descends through each
critical value n− 12 ; n− 32 ; : : : ; 32 ; two more zeros leave (0; 1) from the origin at each value until only
one zero remains in (0; 1) for 12 ¡b¡
3
2 . Note that throughout this migration of the zeros from
(0; 1); there will always be one real negative zero since there is an odd number out of the interval
and they must always occur in conjugate pairs. The last zero of this 3F2 polynomial leaves (0; 1) as
b decreases below 12 . The second stage of the process begins when b decreases below zero and two
zeros join the interval (1;∞). These two zeros are joined by two more each time b descends through
the critical values −1;−2; : : : ; until all zeros are real; simple and greater than 1 for b¡ 1− n.
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Table 1
b Zeros of 3F2(−2n; 2b; b− n; 2b− 2n; b− n+ 0:5; z)
4.75 0.0118 0.1811 0.4782 0.7833 0.97421
4.25 −0:0102 0.1257 0.4278 0.7585 0.9710
3.75 −0:0212 0.0587 0.3654 0.7270 0.9669
3.25 −0:0174± 0:0391i 0.2844 0.6855 0.9615
2.75 −0:04044± 0:0571i 0.1657 0.6280 0.9539
2.25 −0:1071 0:0118± 0:1282i 0.5409 0.9426
1.75 −0:1728 −0:0212± 0:1935i 0.3783 0.9239
1.25 −0:2274± 0:1757i 0:1411± 0:3080i 0.8869
0.75 −0:4012± 0:2829i 0:1463± 0:5110i 0.7729
0.25 −1 −0:3695± 0:9292i 0:7225± 0:6914i
−0:25 −1:6647± 1:1739i 0:5178± 1:8086i 1.2938
−0:75 −2:7543± 2:1279i 1:1276 1:229± 2:6836i
−1:25 −5:7872 −0:5603± 5:1066i 1.0823 2.6436
−1:75 −9:3347 0:7125± 7:7361i 1.0609 1.8488
−2:25 −8:2672± 11:6657i 1.0483 1.5924 6.0366
−2:75 −9:5075 + 21:3466i 1.0401 1.4588 3.5161
−3:25 −47:168 1.0342 1.3756 2.7370 17.0212
−3:75 −97:6395 1.0299 1.3184 2.3377 7.9535
−4:25 1.0265 1.2766 2.0913 5.5205 85.0851
Proof. It is evident from (2.2) that the 2n zeros of this 3F2 polynomial are exactly the n zeros of
2F2(−n; b; 12 ; 1− z) and 2F1(−n; b; 32 ; 1− z). We know from the hypergeometric diQerential equation
that the zeros of 2F1(−n; b; c; z) are simple except for possible multiple zeros at the points z = 0 or
1. Further, we can infer from the contiguous relations for 2F1 hypergeometric functions (cf. [5, pp.
71,72]) that if z0 ∈ {0; 1} is a common zero of 2F1(a; b; c; z) and 2F1(a; b; c+1; z) then z0 is also a
zero of 2F1(a+ 1; b+ 1; c + 1; z). Now 2F1(a+ 1; b+ 1; c + 1; z) = (c=ab)(d=dz)[2F1(a; b; c; z)] (cf.
[1, p. 557, 15.2.1]), which implies that z0 is a zero of both 2F1(a; b; c; z) and its 0rst derivative, a
contradiction. Therefore, the 2n zeros of 3F2(−2n; 2b; b−n; 2b−2n−1; b−n+ 12 ; z) are simple apart
from possible multiple zeros at z=0 or 1. These zeros of multiplicity greater than 1 can only occur
when b has speci0c integer or half-integer values.
The stated result now follows from (2.2) and from the behaviour of the zeros of 2F1(−n; b; 12 ; z)
and 2F1(−n; b; 32 ; z) given in Sections 2.1 and 2.2 respectively, with z replaced by 1− z.
Table 2 displays the zeros of 3F2(−2n; 2b; b− n; 2b− 2n− 1; b− n+ 12 ; z) for n=6 and b ranging
from 6.75 to −5:25 in steps of 0.5. The expected behaviour is observed. Note that for n even and
−j¡b¡ − j + 1; j = 1; : : : ; n − 1 if j is odd there will be two real negative zeros, 2j real zeros
greater than 1 and 2n− 2j − 2 nonreal zeros occurring in conjugate pairs; while, if j is even, there
are 2j real zeros greater than 1 and 2n−2j nonreal zeros occurring in conjugate pairs. An analogous
observation holds for n odd.
Theorem 3.3 (The zeros of 3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 12 ; z) for b real). For
b¿n+ 12 ; all 2n zeros are real and simple and lie in (0; 1). As b decreases through n+
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b Zeros of 3F2(−2n; 2b; b− n; 2b− 2n− 1; b− n+ 0:5; z)
6.75 0.0069 0.0468 0.1088 0.1996 0.3038 0.4240 0.5453 0.6666 0.7757 0.8696 0.9404 0.9849
6.25 −0:0058 0.0266 0.0729 0.1649 0.2623 0.3895 0.5118 0.6427 0.7571 0.8593 0.9351 0.9837
5.75 −0:01165 0.0081 0.03269 0.1272 0.2148 0.3504 0.4725 0.6150 0.7349 0.8472 0.9287 0.9822
5.25 −0:0094± 0:0207i −0:0069 0.0861 0.1590 0.3055 0.4257 0.5825 0.7081 0.8328 0.9210 0.9804
4.75 −0:0207± 0:0287i −0:0139 0.03902 0.0868 0.2531 0.3683 0.5436 0.6749 0.8154 0.9114 0.9783
4.25 −0:0508 −0:0113± 0:0250i 0:0044± 0:0620i 0.1898 0.2942 0.4959 0.6326 0.7937 0.8991 0.9756
3.75 −0:0757 −0:0253± 0:0351i −0:0124± 0:0863i 0.1053 0.1847 0.4356 0.5760 0.7660 0.8827 0.9721
3.25 −0:0917± 0:0669i −0:0631 0:0058± 0:0767i 0:0510± 0:1326i 0.3547 0.4945 0.7293 0.8597 0.9675
2.75 −0:1377± 0:0887i −0:0958 −0:0148± 0:1089i 0:0333± 0:1891i 0.2284 0.3516 0.6779 0.8251 0.9611
2.25 −0:2352 −0:1210± 0:2159i −0:1182± 0:0872i 0:0673± 0:1687i 0:1661± 0:2484i 0.5985 0.7656 0.9516
1.75 −0:3510 −0:1983± 0:3038i −0:1831± 0:1110i 0:0486± 0:2479i 0:1715± 0:3706i 0.4443 0.6269 0.9357
1.25 −0:4927± 0:2524i −0:3298 −0:1616± 0:3036i −0:0847± 0:5669i 0:2344± 0:3272i 0:4574± 0:4339i 0.9041
0.75 −0:8941± 0:4479i −0:5319 −0:2816± 0:4644i −0:1770± 0:9842i 0:2752± 0:5179i 0:6797± 0:7335i 0.8055
0.25 −1:6078± 0:8237i −0:8769± 0:4807i −0:2578± 1:7254i −0:0672± 0:9977i 0:8012± 0:5984i 1:1513± 1:0916i
−0:25 −2:8488 −1:8799 −1:5065± 2:30828i −0:9546± 1:5744i 0:8001± 1:5056i 1:0281± 2:2223i 1.2415 1.59516
−0:75 −4:2524 −3:0325 −1:9755± 3:5239i −1:3662± 2:5667i 1.1061 1.3061 1:4469± 2:0195i 1:8604± 2:7815i
−1:25 −5:1307± 3:3053i −3:8209± 2:5047i 0:7612± 3:8844i 0:9026± 5:1297i 1.0687 1.2119 2.2506 2.8444
−1:75 −7:1173± 5:1905i −5:4770± 4:0419i 1.0509 1.1631 1.6709 2.0224 2:0392± 5:1127i 2:5245± 6:5683i
−2:25 −13:2056 −10:4342 −1:6298± 11:3449i −1:2295± 9:0168i 1.0404 1.1329 1.4752 1.7361 4.3777 5.4145
−2:75 −19:6772 −15:8362 0:9729± 12:9575i 1.0335 1.1123 1:1261± 16:0401i 1.3711 1.5809 2.8191 3.3985
−3:25 −16:5506± 22:9175i −13:491± 18:7622i 1.0286 1.0972 1.3054 1.4817 2.2956 2.7152 9.4952 11.5215
−3:75 −18:1687± 40:1461i −14:9854± 33:2373i 1.0250 1.0857 1.2599 1.4123 2.0164 2.3488 5.2695 6.2905
−4:25 −85:7972 −71:6646 1.0222 1.0767 1.2265 1.3607 1.8396 2.1162 3.9512 4.6545 25.6251 30.5891
−4:75 −171:874 −144:827 1.0199 1.0694 1.2007 1.3209 1.7167 1.954 3.273 3.8123 11.6168 13.7172
−5:25 1.0181 1.0634 1.1803 1.2891 1.6259 1.8340 2.8539 3.2918 7.8592 9.1927 123.463 145.329
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Table 3
b Zeros of 3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 0:5; z)
6.75 0.0549 0.0654 0.2319 0.2725 0.4840 0.5554 0.7406 0.8201 0.9303 0.9788
6.25 0.0314 0.0378 0.1933 0.2295 0.4485 0.52 0.7196 0.8035 0.9241 0.9767
5.75 0.0097 0.01175 0.1507 0.1811 0.4076 0.4782 0.6947 0.7833 0.9168 0.9742
5.25 −0:0102 0.0083 0.1031 0.1257 0.3596 0.4278 0.6648 0.7585 0.9078 0.9710
4.75 −0:0212 −0:0170 0.0474 0.0587 0.3019 0.3653 0.6281 0.7269 0.8968 0.9669
4.25 −0:0174± 0:0391i −0:0138± 0:0308i 0.2302 0.2844 0.5817 0.6855 0.8824 0.9615
3.75 −0:0404± 0:0571i −0:0315± 0:0441i 0.1304 0.1656 0.5206 0.6280 0.8635 0.9539
3.25 −0:1071 −0:0807 0:0080± 0:0975i 0:0118± 0:1282i 0.4344 0.5409 0.8372 0.9426
2.75 −0:1728 −0:1256 −0:0212± 0:1935i −0:0178± 0:1419i 0.2895 0.3783 0.7977 0.9239
2.25 −0:2274± 0:1756i −0:1589± 0:1193i 0:0936± 0:2224i 0:1411± 0:3080i 0.7305 0.8869
1.75 −0:4012± 0:2829i −0:258± 0:1737i 0:0780± 0:3418i 0:1463± 0:5110i 0.5774 0.7729
1.25 −1:0000 −0:5105 −0:3695± 0:9292i −0:2292± 0:4717i 0:3654± 0:4534i 0:7224± 0:6914i
0.75 −1:6647± 1:1739i −1:0000 −0:46315± 0:8863i 0:5178± 1:8086i 0:5683± 0:8228i 1.2938
0.25 −2:7543± 2:1278i −1:9588 −0:8334± 1:7150i 1:0775± 1:3370i 1.1275 1:229± 2:6836i
−0:25 −5:7871 −2:6669± 1:7961i −0:5603± 5:1066i 0:63431±−2:7808i 1.0823 1.7319 2.6436
−0:75 −9:3347 −4:02304± 3:0218i 0:7125± 7:7361i 1.0609 1.3688 1:6078± 3:8189i 1.8488
−1:25 −8:2672± 11:6657i −7:9616 −0:8729± 6:9379i 1.0483 1.2536 1.5924 3.4539 6.0366
−1:75 −12:3888 −9:5075± 21:3466i 0:8351± 10:1898i 1.0401 1.1944 1.4588 2.3019 3.5161
−2:25 −47:168 −10:7299± 15:0117i 1.0342 1.15802 1.3756 1.9206 2.7370 7.6668 17.0212
−2:75 −97:6395 −12:0984± 26:9709i 1.0299 1.1332 1.3184 1.7189 2.3377 4.3446 7.9535
−3:25 −58:7882 1.0265 1.1152 1.2766 1.5920 2.0913 3.3118 5.5205 21.1025 85.0851
−3:75 −120:082 1.0238 1.1015 1.2446 1.504 1.9231 2.7812 4.3561 9.6955 26.4524
4.25 1.0216 1.0908 1.2193 1.4394 1.8005 2.4534 3.669 6.6351 15.2894 103.381
leave the interval (0; 1) at the origin and pass onto the negative real axis. As b descends further;
through the critical values n − 12 ; n − 32 ; : : : ; 32 ; two more zeros leave (0; 1) at each stage. When
n + 12 − j¡b¡n + 32 − j; j = 1; 2; : : : ; n − 1; 2j zeros have left (0; 1) with 2 zeros being real
and negative and 2(j − 1) zeros being nonreal complex conjugates for j odd; while there are j
complex conjugate pairs for j even. As b falls below 1; one of the zeros will join the interval
(1;∞); in fact; this is the zero of 2F1(−n; b − 1; 12 ; 1 − z) that is real and greater than 1 when
b− 1¡ 0 i.e. b¡ 1. As b decreases successively through 0;−1; : : : ; 2− n; two more zeros will join
(1;∞) at each stage until (2n − 1) zeros are real and greater than 1 for b¡ 2 − n. Of course;
the single remaining zero must also be real and is negative. Finally; for b¡ 1 − n; all zeros of
3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 12 ; z) are real; simple and greater than 1.
Proof. We observe from (2.3) that the 2n zeros of this 3F2 polynomial are the n zeros of 2F1(−n; b;
3
2 ; 1− z) and the n zeros of 2F1(−n; b− 1; 12 ; 1− z) and the stated result follows from Sections 2.1
and 2.2.
Tables 3 and 4 show the zeros of 3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 12 ; z) for n= 5
and 6, respectively, and b ranging from 6.75 to − 4:25 in steps of 0.5. The expected behaviour is



























b Zeros of 3F2(−2n; 2b− 1; b− n− 1; 2b− 2n− 2; b− n− 0:5; z)
6.75 0.0069 0.0081 0.1088 0.1272 0.3038 0.3504 0.5453 0.6150 0.7757 0.8472 0.9404 0.9822
6.25 −0:0069 −0:0058 0.0729 0.0861 0.2623 0.3055 0.5118 0.5825 0.75712 0.8328 0.9351 0.9804
5.75 −0:0139 −0:0116 0.0327 0.0390 0.2148 0.2531 0.4726 0.5436 0.7349 0.8154 0.9287 0.9783
5.25 −0:0113± 0:0250i −0:0093± 0:0207i 0.1570 0.1898 0.4257 0.4959 0.7081 0.7937 0.9210 0.9756
4.75 −0:0253± 0:0351i −0:0207± 0:0287i 0.0868 0.1053 0.3683 0.4356 0.6749 0.7660 0.9114 0.9721
4.25 −0:0631 −0:0508 0:0044± 0:0620i 0:0058± 0:0767i 0.2942 0.3547 0.6326 0.729 0.8991 0.9675
3.75 −0:0958 −0:0757 −0:0148± 0:1089i −0:0124± 0:0863i 0.1847 0.2284 0.5760 0.6779 0.8827 0.9611
3.25 −0:1182± 0:0872i −0:0917± 0:0669i 0:0510± 0:1326i 0:0673± 0:1687i 0.4944 0.5985 0.8597 0.9516
2.75 −0:1831± 0:1200i −0:1377± 0:0887i 0:0333± 0:1891i 0:0486± 0:2479i 0.3516 0.4443 0.8251 0.9357
2.25 −0:3298 −0:2352 −0:1616± 0:3036i −0:1210± 0:2159i 0:1661± 0:2484i 0:2344± 0:3272i 0.7656 0.9041
1.75 −0:5319 −0:3510 −0:2816± 0:4644i −0:1983± 0:3038i 0:1715± 0:3706i 0:2752± 0:5179i 0.6269 0.8055
1.25 −0:8769± 0:4807i −0:4927± 0:2524i −0:0847± 0:5669i −0:0672± 0:9977i 0:4574± 0:4337i 0:8012± 0:5984i
0.75 −1:8799 −0:9546± 1:5744i −0:8941± 0:4479i −0:1770± 0:9842i 0:6797± 0:7335i 0:8001± 1:5056i 1.2415
0.25 −3:0323 −1:6077± 0:8237i −1:3662± 2:5667i −0:2578± 1:7254i 1.1061 1:1513± 1:0916i 1:4469± 2:0195i
−0:25 −3:8209± 2:5047i −2:8488 −1:5066± 2:3082i 0:7612± 3:8844i 1:0281± 2:2223i 1.0687 1.5951 2.2506
−0:75 −5:4770± 4:0419i −4:2524 −1:9755± 3:5239i 1.0509 1.3061 1.6709 1:8604± 2:7815i 2:0392± 5:1127i
−1:25 −10:4342 −5:1307± 3:3053i −1:2295± 9:0168i 0:9025± 5:1297i 1.0404 1.2119 1.4752 2.8444 4.3777
−1:75 −15:8362 −7:1173± 5:1905i 0:9729± 12:9575i 1.0335 1.1631 1.3711 2.0224 2:5245± 6:5683i 2.8191
−2:25 −13:4910± 18:7622i −13:2056 −1:6298± 11:3449i 1.0286 1.1329 1.3054 1.7361 2.2956 5.4145 9.4952
−2:75 −19:6772 −14:9854± 33:2373i 1.0250 1.1123 1:1261± 16:0401i 1.2599 1.5809 2.0164 3.3986 5.2696
−3:25 −71:6646 −16:5506± 22:9175i 1.0222 1.0972 1.2265 1.4817 1.8396 2.7152 3.9512 11.5215 25.6251
−3:75 −144:8270 −18:1687± 40:1461i 1.0199 1.0857 1.2007 1.4123 1.7167 2.3488 3.2730 6.2905 11.6168
−4:25 −85:7972 1.0181 1.0767 1.1803 1.3607 1.6259 2.1162 2.8538 4.6545 7.8592 30.5891 123.4630
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